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The Frobenius and Monodromy operators for Curves and Abelian Varieties^ 


Robert Coleman, U.C. Berkeley and Adrian lovita, CICMA Montreal 

Intoduction 

In this paper we will give explicit descriptions of Hyodo and Kato’s Frobe¬ 
nius and Monodromy operators on the first p-adic de Rham cohomology groups 
of curves and Abelian varieties with semi-stable reduction over local fields of 
mixed characteristic. This paper was motivated by the first author’s paper [C- 
pSI], where conjectural definitions of these operators for curves with semi-stable 
reduction were given. Although B.LeStum wrote a paper entitled “La structure 
de Hyodo-Kato pour les courbes” ([LS]) he did not prove or claim to have proved 
that the operators he defined there were the same as Hyodo and Kato’s. 

The paper is naturally divided into two chapters. In Chapter I, written by the 
first author, we give the definitions of the Frobenius and Monodromy operators 
on the de Rham cohomology of Abelian varieties and of curves with semi-stable 
reduction over a local field K. 

Suppose for example that A is an Abelian variety with split semi-stable 
reduction over K. If we denote by Kq the maximal unramified subfield of A, 
we define a canonical and functorial Ao-lattice in denoted Vq, and two 

operators and Na on Vq such that 

i) is cr-linear, where a is the absolute Frobenius on Kq 

ii) Na is Ao-linear 

and Na^a = P^aNa- 

These operators are defined in terms of the “p-adic uniformization cross” of 
A 

F 

i 

T ^ G ^ B 

i 

A 
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where G is a semi-abelian variety, T is a split torus, B is an Abelian variety 
with good reduction and F is a free abelian group of hnite rank and the diagram 
makes sense in the rigid analytic category. The monodromy Na is dehned as a 
residue map along the torus followed by a boundary map and the Frobenius 
is dehned using the Frobenius operators on T and B and the p-adic integration 
of differential forms on A. On the other hand, if X is a semi-stable curve over 
K a Frobenius and a monodromy Nx were dehned in [C-pSI]. We prove 
that if J is the Jacobian of X, then and Nx = Nj, where we identify 

and In order to prove the identities of these operators one 

needs to work with de Rham cohomology and duality for 1-motives. These are 
investigated in section 3. 

In Chapter II, which is written by the second author, (it contains essen¬ 
tially the main results of his PhD thesis, Boston University, 1996), the hl- 
tered Frobenius Monodromy module attached to where A is a split 

semistable Abelian variety as in Chapter I, is compared to the hltered Frobe¬ 
nius Monodromy module Dst{V{A)Y provided by Fontaine’s theory, where 
V{A) = Tp{A) Qp and * means linear dual. The main result of Chapter II 
is the following: 

The p-adic integration pairing 

<, >: T^(A) X HIAA) ^ B+, 

dehned by P.Colmez in [Cz], induces an isomorphism of hltered Frobenius Mon¬ 
odromy modules between the ATo-structure of as dehned in Chapter 

I and Dst{V{A))*. Our main tool is “the universal covering space” of A{K) 
dehned by 

MK)-. = lim(Xl(7?), IpD A(K) 

where [p] is the multiplication by p isogeny on A. It turns out that A{K)q: = A(Ar)O^Q| 
is naturally a se mi stable representation of the Galois group of K over K and one 
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can define a map U:T{K) — Dst{A{K)Q) which plays the role of a “coresidne 
map” along the torns T. In the end we are able to prove, nsing the resnlts in [C- 
MP], that Fontaine’s monodromy operator on Dst(y{A)) is essentially indnced 
by Grothendieck’s monodromy pairing (after appropriate identifications). As a 
Corollary we can prove the following 

Theorem. Let A be an Abelian variety over the local Geld K. Then Tp{A) is 
crystalline if and only if A has good reduction. 

Here K is allowed to be any complete discrete field of characteristic 0 and 
perfect residne field of characteristic p. The only if part of this statement is 
known by work of J.-M.Fontaine [Fo-BT] and the if part was conjectnred by 
J.-M.Fontaine in [Fo-MGF], The conjectnre was proved in [Fo-MGF] if the ram¬ 
ification index of K is less then p — 1 and in [M] if A is potentially a prodnct of 
Jacobians and the residne field of K is finite. 

Aknowledgements The second anthor hereby expresses his gratitnde to¬ 
wards G.Stevens for his generosity in sharing his ideas and insights with him. 
Dnring the work on this paper, the second anthor was visiting U.C.Berkeley and 
wants to thank this institntion for its hospitality. 

Note Any reference made in one of the chapters to some section or resnlt ref- 
eres to a section or resnlt in that very chapter except when specifically otherwise 
stated. 
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Chapter I. Definitions of the Operators 

In this this section we will recall the definitions of Frobenins and Monodromy 
operators on the de Rham cohomology gronps of cnrves given in [C-pSI], give 
definitions of snch operators for Abelian varieties and prove that for Jacobians 
they are eqnivalent. 

Let AT be a finite extension of Qp, Kq the maximal nnramified snbextension 
of AT, R the ring of integers in AT, k the residne field of R and v the valnation 
of K which is 1 on a nniformizing parameter of R. Snppose f = [k : Fp], Let 
k be an algebraic closnre of k and a the Frobenins antomorphism of k/k. We 
also nse a to denote the lifting of this antomorphism to an antomorphism of 
W{k)/W{k). Also fix a branch log of the p-adic logarithm defined over K. For 
a rigid space S over K and a natnral nnmber will denote the Ath de 

Rham cohomology gronp of S over K. 

1. Definitions of N and F for curves 

(i) The monodromy operator 

Snppose W is a connected smooth complete curve over K with a regular semi¬ 
stable model A over R such that the irreducible components of its reduction A 
are smooth and we will suppose for simplicity of exposition that there are at 
least two of them and that they, as well as, the singular points of A are defined 
over k. For a subscheme A of A let Xy denote the tube of Y considered as a 
rigid subspace of X. 

We adopt the notation of Le Stum [LS]. Let Gr(A) be the graph with oriented 
edges defined as follows: The vertices A(A) of Gr(A) will be the irreducible 
components of A. Let A"^ denote the normalization of A. Let m: A"^ —A be 
the natural map. The edges E{X) of Gr(A) will be symbols [x,y] where x and 
y are points on X'^ik) whose images X{k) are the same. We set A{\x^y\) equal 
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to the image of the component of on which x lies and B{[x, y]) the image in 
X of the component on which y lies. Then if e ^ E{X), e will be an edge ^from 
A(e) to B{e). We also dehne an involntion r of E{X) by T{[x,y]) = [y,x]. 

If e — [x, y] E E{X) we set W = We note that C = {Xa'- A G V{X)} 

is an admissible cover of Xk by basic wide opens. We note that since A is 
regnlar, any point in X{K) is contained in a nniqne element of C. 

Let 

= ]J Xa and = ]J Wg. 

AeV(X) eeE{X) 

Let i be the involntion on which takes a point in Wg C to the corre¬ 
sponding point in W^-i-gp For a modnle M on which t* acts, 

= {m G M: Em = ±m}. 

We have a long exact seqnence, 

^ EhIax) - hI,ax’‘)A^hI,axT ^ ( 1 ) 

For each e E E{A) we have a natnral residne map 

Rese: HlAXe) ^ 

(See [C-RLC].) We set Res = ^esg: ^ This map 

takes 

We dehne an operatorFrom coleman@math.berkeley.edn Thn Dec 19 19:15:39 
1996 Date: Thn, 19 Dec 1996 16:14:50 -0800 (PST) From: ’’Robert F. Cole¬ 
man” icoleman@math.berkeley.edn^ To: iovita@math.bn.edn, (Adrian, lovita) 
Snbject: the hie 

Nx on H\)e{X) to be the composition 
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where p is the map obtained from restriction. Let H{X) denote 

We will nltimately see that Nx and the image of 
H{X) in HI)j^{X) are independent of the model X. 

(ii) The Frobenius Operator 

Again we will nse the exact seqnence (1). 

Let X^ denote the dagger completion of X^ along the non-singnlar locns NS 
of A. 

(We note that 

Xns = U - U Xb) 

Aev{X) A^B 

is an nnderlying afhnoid (see [C-RLC]) of Let y be a smooth complete 

cnrve with a model y with good redaction obtained ^from X^ by glneing in 
open disks to the ends of X^ (the connected components of X^ — X^s = 

Then we have a commntative diagram where the rows are exact (for the bottom 
row see [M, Thm. 4.1]) and the vertical arrows are isomorphisms (see [Bl] and 
[BC]): 

HhaiY) - KniX^) - H^niX^) - 

Dagger cohomology gives linear Frobenins endomorphisms of the terms in the 
bottom row (see [MW, Thm. 8.5] and [M, Thm. 4.3]) which is mnltiplcation by 
q on and and is the extension by scalars of the /-th power of 

crystalline Frobenins on 

By virtne of the Riemann hypothesis, the seqnence 

0 hY{X^) Ker{K^^^^ 0 
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splits. We can now pnt a Ko/Fi'obenins strnctnre (by this expression we will 
mean a Kq snblattice and a a-linear Frobenins morphism on it) on 
by pntting compatible ones on all the terms in the bottom row apart ^from 
Moreover, H\)^(Y) is natnrally isomorphic to ®Ko K 

and 

We actnally want and get a iFo/Frobenins strnctnre on the kernel of the 
composition, 

HhniX^) - HhAX^y, 

which we call Hjjj^{X^)^. In particnlar, we have an exact seqnence 
0 HhuiY) ^ HhuiX^)^ - 

Remark. In [C-pSI], we defined another Kg/Frobenius structure on Hjyjj(X^) 
using log-structures. It is probably equivalent but we have not proven that. 

Hence, to get a Kg lattice Vg in H}yj^{X) and a Frobenins operator F on Vq 
all we have to do is split 

0 H{X) ^ HhR(X) ^ Ker(Hh„(X‘’) ^ Hhn(X‘)-) ^ 0, 

We will do this nsing p-adic integration (see [C-pAI] and [C-dS]). Let W denote 
the fnll snbcategory of the category of rigid spaces whose objects consist of basic 
wide opens (see [C-RLC]). 

Snmmarizing resnlts of [C-pAI] and [CdS] we have. 

Theorem 1.1. There exists a unique functor ^from W to the category of ho- 
momorphisms between vector spaces, W —> where 

Jw 
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such that, 


[ dz — z modK and f — = log( 2 ) modK, 

where z is the standard parameter on the afhne line over K. 

Note: It follows that if u; G II^ 

d u = u 
Jw 

and if LV = df where / is rigid analytic, then 


df = f mod K. 


'w 


If UA e for A e V(A) and fe G Ox(^e) for e G F(A), 


(WA}AeV(A), {fe}eeE(A:)) 

will denote the one-hypercochain on X of the complex with respect to the 
covering C, Xa ^ to a and {Xa,Xb) ^ gA,B where gA,B e Ox{Xa n Xb) is 
the fnnction such that gA,B\x^ = /e if e G E{X) is such that A(e) = A and 
B{e) = B. The hypercochain is a hypercocycle if and only if 


(‘^A(e) - ^B{e))\x, = dfe, Ve G E{X). 

Let w G and {fe}) be a one-hyperco cycle of Ox with respect 

to C which represents it. We may and will suppose f^-p) — ~fe- For each 
A G V{X), let s{ua) be a representative of J^^^loa- Then 

fe — (^(wACe)) ~ ^(^^(e))) 

represents an element of H^^{X^)~ well dehned modulo the image of H^^{X^). 
Let /log(T) denote the map which sends w to the image of this class in Hf,j^{X). 
This is the desired splitting. 
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2. N and F for Abelian varieties 


(i) The monodromy operator for Abelian varieties 

Now let A be an Abelian scheme over K with semi-stable rednction. Then 
we have the “nniformization cross,” 

T 

i 

r ^ G ^ A 

i 

B 

where T is a torns, T is a discrete gronp, B is an Abelian scheme with good 
rednction and G is an extension of B by T. We have an exact seqnence, 

0 ^ Hom(T, K) ^ ^ ^ 0. (1) 

The map from HomiV^ K) to the kernel of is described as 

follows: Snppose C is an admissible covering of A and 

{{uu: u e C}, {fuv- U,VeC,U^ y}) 

is a one-hypercocycle for which determines an element of 

Ker{F[\)f^{A) H\)j^{G)). This means there are fnnctions hu on ti~^U for 

U E C snch that 


dhu = T^*a)u and hu — hy = fuv- 

Now let 7 G r and gu = '^*hu — hu (this makes sense becanse 7 preserves 
Bnt now, 

dgu = 0 and gu - 9v = 0 . 

It follows that {gu} corresponds to an element k-y G K. The correspondence 
7 I—> /c-y is the one we want. 
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If /i is a homomorphism from Gm into T and a G we set 

{a,h) = Res{h*a). This determines an isomorphism from onto 

Homz{Hom{Gm: T), K). Now there is a perfect pairing 

Hom{Gm, T) X Hom{T, Gm) Z 

and so an isomorphism of Homz{Hom{Gm,T), K) with Hom{T,Gm) ®z K- 
Call the isomorphism ^from onto Hom{T, Gm) ®z K determined by 

the above, Resx- 

Let GO, TO and denote the formal completions of G, T and Gm along 
their special hbers. Then we have an isomorphism 

f:G{K)/G^{K) ^T{K)/T^{K). 

Moreover, if h G Hom{T, Gm), h indnces a morphism from TO to G^. Thns if 
n is a valnation on iC, 7 G T C G and h G Hom{T, Gm) we have an element 
( 7 , h) G Q, 

v{h{f{'j modGO))). 

This determines a non-degenerate pairing 

r X Hom{T, Gm) Q, 

and thns an isomorphism from Hom{T, Gm) ®K onto HomiT, K) (see [R-vP]). 
Finally, let Na denote the composition 

Hlj^iA) ^ Hlj,{T)^-^Hom{T, Gm) ® K ^ Hom{T, K) H],^{A). 

We note that we have described maps, 

Hom{V,K)Hl^{A) ^ Hom{T,Gm)®K. (1) 
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(ii) The Frobenius operator for Abelian varieties 
We only have to split the exact sequence 


0 ^ K) ^ ^ ^ 0. (2) 

and then put itTo/Frobenius structures on HomfT, K) and on 

First we describe the splitting. Suppose is the universal vectorial exten¬ 
sion of A and G* the pullback of to G. We have, 

V = V 

i i 

T ^ G* ^ A* 

II i i 

T ^ G ^ A 

where V is the vectorial group scheme V{H^{Oa)) over K. If is a group 
scheme over a held L, we let InvL{H) denote the K space of invariant differen¬ 
tials on H over L. We have, 

Hhj^{A) ^ InvK{A*) ^ InvK{G*). 

(See Theorem 1.2.2 of [C-DA].) 

Using the argument of Bourbaki [III §7.6] one obtains. 

Theorem 2.1. If uj is an invariant differential on G* over K, there is a unique 
primitive of u) on G*{Cp) which is a homomorphism such the restriction of 
Xuj to T is contained in 


{logo/i: h G Hom{T, G^,)} ® K. 

We use this to split (2) as follows: Suppose a G Hjyj^{A) corresponds to the 
invariant differential u) on G*. Then a goes to the homomorphism 

ha-'j eT A^(7). 
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If a is the image of an element h of Hom(T,K), then u = dg where 
g G HorriKiG*^Ga) snch that ( 7 ( 7 ) = h( 7 ). It follows that ha = h. Thns 
the map I\og{A): a 1 —> /iq, is a splitting. 

Now we let Hom{T^ 7 a) ® K ^ Hom{T^ K) and for a G hh(/c) 7 G F, we set 

F 7 ® a — ^ ® . 

It remains to determine a iFo-strnctnre for The schemes T, G and 

B have models with good reduction over R. If X is one of these schemes, let 
denote the dagger completion of X along special hber of its model. In particular, 

= B. Then we have, 

0 ^ H},^{B) Hl^iG) ^ Hh^{T) 0 

i i i (3) 

0 ^ HA{B) HA{G^) ifit(Tt) ^ 0 

We know the top sequence is exact and can check the bottom sequence is as 
well. Now the outer vertical arrows are isomorphisms. The hrst is well known, 
and the last one is easy to check since T is essentially a product of G^’s (or one 
can use [BC]). Thus H]^^{G) is isomorphic to Now by Washnitzer- 

Monsky the objects in the bottom row have compatible actions of Frobenius 
over K. That is, we have endomorphisms $ 5 , and of 
and such that the obvious diagrams commute. We now identify the 

objects on the top row of (3) with the objects directly beneath them. As we 
will see is a power of the Frobenius operator (tensor K) we are after. To 
make this operator, all we have to do is split the exact sequence (3) since the 
outer members of this sequence have W{k) structures with a-linear Frobenius 
operators. Suppose q = \k\, then — Q annihilates It follows from 

the Riemann hypothesis for B that the kernel M of — g in Hj^j^{G) maps 
isomorphically onto This gives us the desired splitting. 

We saw above that F maps into G*. 
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Proposition 2.2. HomK{G* , Ga) = Hom(T, K) under the natural map. 

Proof. Consider the commutative diagram 

0 Hom{r,K) //!,„( J) HhaiG) - 0 

0 ^ HomK{G',Ga) InviciG') 0 

in which the rows are exact and the vertical arrows are isomorphisms. It follows 
HomKiG*, Ga) = Hom(r, K). The assertion that this map is the natural one 
follows by chasing the diagram. | 

3. Equality of the Monodromy Operators 

Now suppose X is a curve over K with se mi stable model X as above and 
J is the Jacobian of X. Then J has se mi -stable reduction. Since is 

canonically isomorphic to we may consider Nj and as operators on 

the same group. We will now show that Nj = Nx. 

First let A be an Abelian variety over K with semi-stable reduction. Let the 
following be the uniformization crosses of A and A: 


T 

T' 

i 

i 

G ^ A and T' - 

G' 

i 

i 

B 

B 


Then T' = Hom{T, G^), T' = HomiV^ G^n) and B is the dual of B. We have 
a canonical pairing T x T' — Z, called the monodromy pairing which we denote 
by ( , )Mon- Now r' is canonically isomorphic to Hom{T,Gm) which injects 
onto a lattice of via the map which takes h G Hom{T, Gm) to the class 

of h*{dT/T). We also have a map of T onto a lattice in Thus, by 

extension of scalars we obtain a pairing x with values in K. 

Pulling back via the projections, 

HhniA) ^ Hh^{T) and ^ Hh^(T') 
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we obtain a pairing, 


which we also call ( , )Mon- Let ( , )poin be the cnp prodnct (Poincare) pairing 
on X H]-)^[A). 

Theorem 3.1. Suppose a G H]y^{A) and f3 G H]^^{A). Then 

i,C^: ^Poin iT^if^^Mon 

We also saw that = Hom{T, Gm) ® K — V ^ K. Let / be the 

natnral map from Hjjj^{A) into P' ® iL and g the map from HomiT', K) into 
^ dr (^) described in section 2. The theorem will follow from resnlt of [C-M], 
which asserts the the pairing of Raynand is the same as ( , )Mon and, 

Lemma 3.2. Suppose u G H}jj^{A) and p G Hom{V'^ K). Then, 

{‘^,9{p))Poin = p(/(t^))- 

Proof. A good way to think abont this, is in terms of the associated 1-motives, 
P —G and P' — G'. Let M =: P: X H he a one motive over K. Then 
Raynand [R] has dehned the de Rham cohomology, of M over K as 

follows: By a vectorial extension of M, we mean a commntative diagram 

X ^ W 

II i 

X ^ H 

where IT is a vectorial extension of H. If =: X ^ is the nniversal 
vectorial extension of M, then is dehned to be the dnal of LieKlT^■ 

Let M =: X' ^ H' be the 1-motive dnal to M. We will now dehne a pairing 
between the dnal spaces of and First we explicit and 
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Suppose M is 


U 

i 

X ^ H 

i 

C 

where U is a, torus and C is an Abelian variety over K. Let Q: X ^ C he 
the composition of P with the projection to C and C be the dual of C. Let 
be the universal vectorial extension of C. Then if, for an extension of an 
Abelian scheme by a torus, L, col denotes the vectorial scheme whose points 
over a scheme S consists of the invariant differentials of L dehned over S, we 
have an exact sequence 

^ 0 . ( 1 ) 

^From the exact sequence 

0 ^ H' ^0, 

we obtain an exact sequence 

0 —> lOq — ooh' —^ ^u' —^ 0 - 
By pushout from (1), we get a vectorial extension 

0 — uh' —^ W —’>■ C —0. 

For a point Q on (7, let Hq denote the corresponding extension of C by Gm- 
A point Q{x), in C"^{K) which maps to Q{x) on (7, corresponds to a normal 
invariant differential Vq^x) ^ Theorem 0.3.1 of [C-UVB]. Let 

fx-H ^ be the map which comes by duality from the map of 1-motives 

H 


Z 

i 

A 
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where the top arrow is determined by 1 —> Q{x) and the left arrow by 1 i—> x. 
The pair, gives rise to a well dehned point R{x) in W which 

maps to Q{x). By pullback, we get a vectorial extension 

0 ^ uh' H* ^ H 0. 


Moreover, since R{x) and P{x) both map to Q{x) G C, we get a well dehned 
point P'^{x) G and X — > iif#, a: i—> P"^{x) G is the universal vectorial 
extension of M. 

Summarizing the above, we have the commutative diagram. 


0 

0 

0 


- 

c* - 

C 

i 

i 

i 

LOh' - 

W - 

c 

T 

T 

T 

LVh' - 

H* - 

H 


0 

0 

0 . 


^From this we can identify as triples (a, 6, c) where a G ijJh'{K)^ 

b G LieKC"^ and c G LiexH such that the image of b in LickC equals the 
image of c, modulo the equivalence 


(a, 6, c) ~ (a + d, 6 — d, c) 
for d G We have natural maps, 

LieK{U) ^ uJu'{K) 

since LiexiU) = Ker{LieK{H) LiexiC) and uu'iK) = uh/{K)/uq{K). 
Now if {a,b,c) represents an element of LicKiH"^) and {a\b'^c') represents an 
element in LieKH'^ , where X' — H'^ is the universal vectorial extension of 
M. We set 

((a, 6, c), (a', 6', c'))m == (a, c') + (6, b') + (c, a'), (2) 
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where the pairings on the right hand side are the natnral ones. This is well 
dehned as 

(d, c) — (d, h') = 0, 

for d G u}q{K)^ since h' and c' have the same image in LickC. It is easy to see 
that ( , )m is non-degenerate. 

One can show, 

Theorem 3.3. Suppose M := T ^ G is the Raynaud uniformization of the 
Abelian variety A, as above, then there is a natural isomorphism /^from H\)j^[A) 
to such that (i) the following diagram commutes, 

LieK{T) ^ HlniAy ^ T®K 

II i i 

LieK{T) ^ ^ ut'{K) 

and (a) after making the appropriate identifications { , )m coincides with 

( 7 ')Poin- 

Proof The isomorphism Hy,^{A) —> may be dednced ^from the ob¬ 

servation that the nniversal vectorial extension of M, as an extension of G, is 
the pnllback of the nniversal vectorial extension of A. Assertion (i) follows by 
diagram chasing and one can prove (ii) by redncing to the case of Jacobians 
where it is not hard to check (althongh, it wonld be better to dednce this result 
by giving a dehnition of the pairing which is clearly functorial in the analytic 
category). | 

This theorem combined with (2) establishes Lemma 3.2 and completes the 
proof of Theorem 3.1. 

We can pull ( , )Mon back to and all we have to check to see that 

the monodromy operators coincide is that, for p and a G 

(Pj AbrO’)pom (^P}(^^Mon- (3) 
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For this, we need a formula for ( , )Mon on X. The image of 
in under the natural map is the kernel of the map to H^j^{X^), 

(ue)eeE(x) ^ (/a) where 


/a ^ ^ Rgs^lo^^. 

eeE(X) 

A{e)=A 

Moreover, this kernel is canonically isomorphic to via 

(We) ^ ReSe{oOe)e 

Here Yl! means the sum over unordered edges {ReSe{oJe)e as an element of 
}{Betti iF) is independent of the orientation of the edge e). 

Dehne a pairing on the free Abelian group on E{X) by setting 

r 1 if e = / 

(e,/) == S-1 if / = T(e) 

I 0 otherwise 

for edges e and /. This induces a pairing on E (X) and hence by restriction 
on Hf^*^'^{Gr{X), Z). The group Hi^^^'^{Gr{X), Z) is naturally isomorphic to T 
and this is the monodromy pairing [G]. Thus, we obtain a formula for ( , )Mon 
on H\)^{X) using the above mapping of this group into K) and 

using the extension by scalars of this formula. 

Now suppose i{utA}AeV(X):{fe}eeE(X)) and {{EA}AeV{X):{ge}eeE{X)) are 
hypercocycles representing classes uj and u in E[]^j^{X). Then the images of 
these classes in K) are represented by 

'^^ReSe{ujA{e))e and i?ese(z/^(e))e. 


and so. 


(w, E^AIon 



RgS^{uJ A{e))E^Se{y A{e )) • 
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Now, we know Nxiy) is represented by {{a a}, {/?e}) where a a = 0 for all A 
and [3e = ReSeUA{e)- If follows that 

iu,NA:{iy))poin = y^]^ReSe{(3eUJA{e)) 

^ ^ A{e))R^^e{yA{e)): 

which completes the proof of (3). It also establishes the eqnality of the mon- 
odromy pairing dehned by LeStnm in [LS] and that dehned in this chapter. 

4. Equality of Frobenius operators 

Snppose now onr Abelian variety A is the Jacobian J of a cnrve X as in 
section 1. Let a: X —J be an Albanese morphism. 

Snppose uj is an invariant differential on G* . Then uj\v = dh for some 
homomorphism h:V ^ G^. Now snppose, for B G V{X), sb-Xb —^ G* are 
sections of G* —J over Xb: i.e., morphisms snch that the following diagram 
commntes, 

Xb ^ G* 

i i 

X AX J . 

These exist, as one can show that is simply connected, by generalizing 
the argnment of Example 2.5 of [U]. Then for each edge e G E{X) there exists 
a nniqne 7 e G T snch that 

(sA(e) - SB{e))Xe C E - 7e. 

For a G G*{K)^ let Ta denote translation by a. Let 

LOA ^A^ and /e (^7e ° ('®A(e) 'Si3(e))) 

We know 

InviG') - lm,(A*) - J) - HIrW- 

The following proposition makes this isomorphism explicit. 
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Proposition 4.1. The one-hypercocycle {/e}) with respect to the cov¬ 

ering {XA}Aev(x) of X represents the de Rham cohomology class on X corre¬ 
sponding to u. 

Since, as we’ve stated, the connected components of X^ are simply connected, 
we see there exists a section X^ —> G of the diagram 

G 

i 

X^ ^ J . 

Moreover, we can and will assnme X^s maps into G^. It follows that we have 
a commntative diagram, 

0 ^ Hom(r,K) ^ HhsO) ^ HhaiG) ^ 0 

0 ^ H(X) ^ ^ ^ 0 

Now H{X) is canonically isomorphic to K) whose dimension is 

the rank of F. Since the map from to H\)j^[X) is an isomorphism, 

it follows that all the vertical arrows in this diagram are isomorphisms. We 

have dehned splittings of the rows. We want to show that they are the same. 
We can make the hrst vertical arrow more explicit. As we’ve seen Hom(T, K) 
is isomorphic to HomKiG*,Ga)- Snppose A G HomKiG*,Ga)- Let u = dX 
which is an element of Inv{G*). Let a denote the hypercocycle made from lv as 
above nsing the sections sa- Then, 

cT-a({4A}), 

is the hypercocycle (0, {ae}) where tte — A( 7 e), where here d is the bonndary 
map in hypercohomology.. In snmmary. 

Lemma 4.2. The image of h & Hom(T,K) in is represented by the 

hypercocycle (0, {h(ye)}eeE(A:))- 

Generalizing Theorem 2.9 of [C-pAI], we have. 
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Proposition 4.3. Suppose u G Inv{G*) and is the primitive ofu as specified 
in Theorem II. 1. Then 

+ C = ( S*aU. 

./log 

Now suppose a G corresponds to w G Inv{G*), and A =: A^^ is 

its log-primitive. Then /iog(J)(a) is the image of the element in Hom{r, K), 
7 I—> A( 7 ). The image of this in is represented by the hypercocycle 

(0, {A( 7 e)}). On the other hand, as we’ve seen, the image of u in is 

represented by the hypercocycle {ua, /e), where 

UJa=S*aUJ and /e = o (Syi(e) - ^^(e)) */l, 

h G HomKiy^ Ga) and dh = u\v- In fact, by the Theorem 2.1, h = A|\/. Then 
hogy) of this class is represented by the hypercocycle which takes vertices to 
0 and the edge e to 

(Ty^ o (syi - - (s^A - s^A) = (Ty^ o - sb ) - {sa - sb))*A 

= A(7e), 

where A = A{e) and B = B{e). Thus the two splittings correspond. To con¬ 
clude, we must show the two i^o/Frobenius structures do as well. This is clear 
for the map Hom{T, K) —^ H{A), since by Lemma 4.2, the image of Hom(T, Z) 
in H{X) is hxed by Frobenius. 

Since B has good reduction and the connected components of X^ are annuli, 
the composition 

hIab) ^ hIag) - h1,b(v») ^ 

is zero. This implies that there is a commutative diagram, 

0 - hIab) ^ h],ag) ^ hIat) ^ 0 

0 - HhAX) HlAX'T ^ Ker{HhAXp - HlAX)) 0 
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We know the rows are exact and that the map from to 

is an isomorphism. Moreover, nsing the fact that X^s maps into , we 
see that this map respects the dagger strnctnres we pnt on these gronps. It 
follows that the splittings we observed of these exact seqnences correspond. 
In particnlar, the maps ^from to and from to 

Ker{H]^f^{X^)^ —> H‘j^j^{Y)) are isomorphisms. The map from to 

H]^j^{Y) respects the crystalline strnctnres since the rednction of B is isomor¬ 
phic to the prodnct of the Jacobians of the components of the rednction of Y and 
we can identify this map with the one coming from crystalline cohomology. Also, 
since Hom{T, Gm) considered as a snbgronp of maps into the snbgronp 

of consisting of elements with integral residnes we see that this map 

respects Frobenins as well. Pntting this together yields the compatibility of the 
iFo/Frobenins strnctnres we want. 
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